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On the basis of the Kubo formula we evaluated the optical conductivity of a graphene sheet. The full
behavior of frequency as well as temperature dependence of the optical conductivity is presented. We show that
the anisotropy of conductivity can be significantly enhanced at high frequencies. The photon absorption
depends on the field polarization direction. At the frequency comparable to the maximum separation of upper
and lower bands the photon-induced conduction of electrons is strongly suppressed if the polarization of field
is along the zigzag direction. The corresponding optical conductivity is several orders of magnitude weaker
than that when the light is polarizing along the armchair direction. We propose that the property of orientation
selection of absorption in the graphene can be used as a basis for a high-frequency partial polarizer.
DOI: 10.1103/PhysRevB.77.241402

PACS number共s兲: 73.50.Mx, 78.66.⫺w, 81.05.Uw

Because it is recognized as a new class of materials1 in
the carbon family, graphene has recently attracted intensive
interests as it possesses remarkable electronic properties,
such as the anomalous integer quantum Hall effect,2,3 the
finite conductivity at zero charge-carrier concentration,2 and
the strong suppression of weak localization,4–7 etc. These
properties promise building blocks for the technological applications in molecular electronic and optoelectronic devices.
In graphene, the conduction and valance bands touch upon
each other at isolated points in the Brillouin zone 共K and K⬘兲.
Undoped graphene is a gapless semiconductor, or a semimetal, with vanishing density of states at the Fermi level.
Low-energy electronic states of graphene with a linear dispersion at the corner of Brillouin zone are described by the
“relativistic” massless Dirac equation. This relativistic kinematical description of graphene is confirmed in quantum
Hall studies8 and gives us theoretical insight into exotic
transport,9 magnetic correlation,10,11 and dielectric12 properties observed in this material. On the theoretical side, most of
the works in studies of graphene is based on “massless Dirac
theory” in the vicinity of the K point in the Brillouin zone,
where all physical quantities remain isotropic. The purpose
of this Rapid Communication is to reveal transport properties
beyond the regime of linear energy dispersion. Because the
carrier concentration in graphene can be varied over a wide
range by doping and by the electric field effect,1 this makes
high-energy excitations in graphene important and interesting. We shall show that the current response is highly anisotropic away from the K point and the high-frequency spectra
can reveal a variety of rich physics and anomalous phenomena that electrons and holes possess in graphene.
Besides its transport properties, the gapless energy spectrum of electrons and holes in graphene can lead to specific
features of optical and plasma properties.13,14 Very recently,
it has been demonstrated experimentally that both the optical
conductance15 and the transmission coefficient16 of graphene
1098-0121/2008/77共24兲/241402共4兲

in the frequency range of 700– 400 nm are very close to
constant values. It is anticipated that the optical spectrum
induced by elementary electronic excitation can be used to
determine the electronic properties of graphene. It is known
that optical conductivity is one of the central quantities to
determine almost all optical properties of an electron and/or
hole system. For a case where the optical transition is induced mainly by a dielectric response of the carriers through
the carrier-carrier interaction, the optical conductivity can be
obtained simply from the Kubo formula in which the currentcurrent correlation is mainly caused by carrier interactions
with a weak external light field.17
We present here one interesting property of graphene at
high frequencies. On the basis of current-current correlation
function we investigate the optical spectrum of graphene. We
obtained the full frequency and temperature dependence of
the optical spectra for graphene with varying Fermi energy.
The optical spectrum shows a cusplike maximum at បc
= 2 ⫻ 共2បvF / 冑3a兲, where vF is the Fermi velocity and a
共=冑3b with b the c-c bond length兲 is the lattice constant.
However, the absorption beyond c is negligible for photons
polarizing along the zigzag direction. For light polarizing
along the armchair direction there is an absorption continuum which jumps abruptly at 3បc, corresponding to the
vertical transition at k = 0. Our results of anisotropic absorption demonstrate that graphene can be used as a partial polarizer in the high-frequency regime where the absorption
along the armchair direction is finite while the absorption
along the zigzag direction is basically zero. We analyze this
conductivity anisotropy in terms of the energy dependence of
the interband velocity operator.
A unit cell, whose wave vectors are given by a1
= a共冑3 / 2 , 1 / 2兲 and a2 = a共冑3 / 2 , −1 / 2兲, in a honeycomb lattice contains two atoms denoted as A and B. In this Rapid
Communication the y axis is considered to be along the line
connecting atoms of the same sublattice while the x axis is
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under an optical field, two kinds of transitions 共intraband and
interband兲 contribute to the current response. The Kubo formula for the dynamic conductivity is given as

共兲 = 共1/兲

冕

⬁

dteit具关J共t兲,J共0兲兴典.

共4兲

0

FIG. 1. Polarization direction in graphene, the x axis is the armchair direction and the y axis is the zigzag direction.

along the line connecting atoms of alternating sublattice, as
shown in Fig. 1. We assume the graphene is intrinsic, i.e.,
free of impurity doping. For the case of zero carrier density
the two bands cross the Fermi level 共setting as zero兲 at
K and K⬘ points of the first Brillouin zone, whose
wave vectors are given by K = 共4 / 3a兲共1 / 冑3 , 1兲 and K⬘
= 共4 / 3a兲共3 / 2冑3 , −1 / 2兲. In the presence of applied electric
field, the chemical potential can be moved to either positive
or negative regime. The Hamiltonian of graphene is given as
H0 =
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From the above expression it is seen that for a graphene
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with h共k兲 = −t关1 + eik·a1 + eik·a2兴. The eigenfunctions and the
eigenvalues can be written as k,s = 共1 / 冑2兲(−s共t / 兩t兩兲eik , 1)T
and
⑀k,s = s⑀0冑3 + ␣共k兲,
where
s = ⫾ 1,
tan 
= tan−1共sin k · a1 + sin k · a2兲 / 共1 + cos k · a1 + cos k · a2兲,
␣共k兲
= −2 + 4 cos 冑3kxa / 2 cos kya / 2 + 4 cos2 kya / 2, and ⑀0 = 兩t兩. vF
is the Fermi velocity, which relates to the hopping parameter,
i.e., vF = 共冑3a / 2ប兲兩t兩.
In the presence of a uniform time-dependent electric field
E = E0e−it, the second quantized Hamiltonian is obtained
†
ak,s + 共1 / c兲A · J, where A = 共c / i兲E. The comH = 兺k,s⑀k,sak,s
ponents of the current density operator J can be written as
sin

Based on the current operators given in Eqs. 共2兲 and 共3兲, it is
found that the intraband terms do not contribute to the conductivity in graphene free of any disorders. The electron conduction is solely due to the electron jumping between the
bands with the absorption of a photon. After some algebra,
we found

yy =

e2vF2
2

3 
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冋
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1
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2
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册
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with  =  + i0+, where f k,s is Dirac-Fermi distribution function. In addition, xy = yx = 0 because of symmetry.
From the forms of dynamic conductivity we identify immediately our first result that the optical absorption for photons polarizing along x direction is quite different from that
when photons are polarizing along the y direction. To see this
polarization dependence of the conductivity we calculate the
real and imaginary parts of dynamic conductivity numerically. With an energy unit ⑀0 the temperature is scaled as
T0 = kBT / ⑀0. The frequency dependence of the real part of the
optical conductivity Re xx共兲 and Re yy共兲 are shown in
Fig. 2, with two different chemical potentials. It is found that
the photon absorption starts from  = 0 and increases with 
for a graphene with  = 0 关Figs. 2共a兲 and 2共c兲兴 at low temperature, which is consistent with the metallic absorption
characteristics. However, for a graphene with nonzero 
关see Figs. 2共b兲 and 2共d兲兴 there is a threshold frequency th
= 2 / ប and the absorption is almost negligible when the
photon frequency is below th. The reason is that the allowed
transitions only involve vertical processes, ប = ⑀k,s − ⑀k,s⬘.
As temperature increases, the phase space for electronic transitions for  ⬍ 2 increases and finite absorption is observed. Both Re xx共兲 and Re yy共兲 exhibit a sharp absorption maximum at  = 2⑀0 / ប. This corresponds to vertical
transitions at kya =  in the energy contour of the reciprocal
lattice. The joint density of state 共JDOS兲 for electron-hole
excitations reaches the cusp-like maximum at this energy due
to the maximum kx degeneracy at kya = . As a result the
absorption is sharply peaked with a cusp shape. When the
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ORIENTATION DEPENDENCE OF THE OPTICAL SPECTRA…

FIG. 3. 共Color online兲 The angular dependence of the absorption
coefficient, Re l共兲.

FIG. 2. 共Color online兲 共a兲 and 共c兲: The real part of the optical
conductivity xx and yy vs frequency at various temperatures for
the Fermi energy lies on the K point. Inset: the imaginary part of the
optical conductivity xx and yy vs frequency. 共b兲 and 共d兲: Same as
共a兲 and 共c兲 but the Fermi energy lies in the conduction band.

frequency  exceeds 2⑀0 / ប it is found that Re xx共兲 and
Re yy共兲 have very different frequency dependence. The 
dependence of Re xx increases slowly with  at high  and
jumps abruptly to zero at  = 6⑀0 / ប, a feature due to the
interplay of the increase interband velocity component vx
and decreasing DOS. The jumping point corresponds to the
maximum energy gap in energy contour. In contrast to the
Re xx共兲 there is no jumping in the Re yy共兲 and it tends
to vanish rapidly for  ⬎ 2⑀0 / ប. The reason for this striking
difference between the Re xx共兲 and the Re yy共兲 at high
frequency lies in the energy dependence of the interband
velocity operator vs,−s 关referring to the second term of Eqs.
共2兲 and 共3兲兴. For the x component of current jx, the correx
increases as energy increases and
sponding velocity vs,−s
reaches its maximum which coincides with the maximum
separation of energy between conduction and valance bands
x
y
the vs,−s
for j y decreases rapidly
at k = 0. Differing from vs,−s
with energy at high frequency. As a result, although the absorbing y polarized photon at high frequency is energetically
possible, the excited electrons are not allowed to gain any
velocity along y direction. This polarization-dependent absorption is not only most significant at low to room temperature, but can also survive up to a very high temperature.
The cusplike maximum in the optical spectral is unique to
the honeycomb lattice. The derivative at cups is discontinuous. According to the Kramers-Kronig relations, a discontinuous derivative in the real part requires that the imaginary
part has steplike behaviors in the imaginary part, and vice
versa. This has been confirmed by the inset in Figs. 2共a兲 and
2共c兲. For a given , the spectrum is nonzero within the regime of −ប / 2 ⬍  ⬍ ប / 2. At low temperature, the conductivity takes on a value of order e2 / h, which can be viewed
as a frequency-dependent analog of minimum conductivity.2
At fixed frequency, it is found that the optical spectra shows
a narrow plateau at low temperature then decreases rapidly
with temperature at high temperatures. The number of carrier
in the valance band at a given transition energy, ⑀, is proportional to exp共−⑀ / kBT兲. Therefore, the optical spectra decay
exponentially with the increase of temperature.

The electromagnetic absorption is given by the real part
of the longitudinal conductivity along arbitrary direction.
The polarization-dependent absorption strength can be best
viewed in the contour diagram shown in Fig. 3. The anisotropy is slightly stronger for  ⫽ 0. The angular variation of
the absorption leads to a transmitted field whose intensity
changes with the polarization direction. The angulardependent intensity of the transmitted field through a
graphene is shown in Fig. 4. Within the frequency range of
2兩t兩 ⬍  ⬍ 6兩t兩, the higher the frequency is, the stronger the
anisotropy in the transmitted field.
Saito et al.18 have show that around the K and K⬘ points
the optical transition matrix elements of graphene depends
on the magnitude and direction of the wave vector. Hence
one might expect that the total absorption 共at given frequency for all k points兲 should be anisotropic. However our
results indicate that this expectation is incomplete. Contrary
to their expectation, we found that although the absorption
matrix elements are strongly k dependent around K and K⬘
points, the total absorption at low energy 共which is the sum
of absorption matrix elements around K and K⬘ points兲 is
actually quite isotropic. The anisotropy becomes significant
only for frequencies above the hopping bandwidth. Quantitatively, this anisotropy 共Re xx / Re yy兲 can reach several
orders of magnitude at high frequencies. Very recently
Oyama19 et al. reported a calculation of absorption of single
wall nanotubes. They found that the absorption varies with
the chirality and size of the tube. This variation is about a
factor of 2 for small tubes and becomes negligible as tube

FIG. 4. 共Color online兲 The angular dependence of the transmitted field. The lightness represents the absolute intensity.  / ⑀0 = 0.0
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diameter increases. In another words, for tubes with a very
large diameter 共which is an equivalence to graphene兲, they
found no polarization dependence for the absorption. Our
result shows the polarization dependence is very strong for
an infinitely large tube as long as the frequency is in the
range of 2兩t兩 ⬍  ⬍ 6兩t兩.
The high-frequency polarization effect of graphene presented here is different than that of commercial polarizer
currently in use. Most commercial polarizer has complete
polarization effect, i.e., the intensity of a white source will be
reduced to half after polarizer and light will be linearly polarized. The effect of graphene is to absorb light polarizing
along the armchair direction at the rate of one to two orders
magnitude stronger than that along the zigzag direction, 共e.g,
at  = 4兩t兩, Re xx / Re yy ⬇ 25 and for  = 5兩t兩,
Re xx / Re yy ⬇ 200兲. So it will only produce a partially polarized light. Recent experiments20,21 indicate that one layer
of graphene is almost transparent at  up to 0.5兩t兩. This does
not in anyway contradict our result of polarization and absorption at high frequencies. Our result of the absorption rate
of armchair polarization by one layer of graphene for
3兩t兩 ⬍  ⬍ 6兩t兩 is about 10%. This is significantly higher than
that at  = 0.5兩t兩 and should be measurable. However a single
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